Certain non-integrable holomorphic quadratic differential induce geodesic rays and we consider their limit points in P M L bdd (D). Somewhat surprisingly, the support of the limiting projective measured laminations might be a geodesic lamination whose leaves are not homotopic to leaves of either vertical or horizontal foliation of the non-integrable holomorphic quadratic differential.
Introduction
Let D be the unit disk model of the hyperbolic plane. The Teichmüller space T (D) of the hyperbolic plane D, called the universal Teichmüller space, consists of all quasisymmetric maps h : S 1 → S 1 which fix 1, i and −1 (cf. [4] ). The Teichmüller space of an arbitrary hyperbolic surface embeds in T (D) as a complex Banach submanifold. Thurston's boundary to the universal Teichmüller space T (D) is the space P M L bdd (D) of projective bounded measured laminations of D (cf. [19] , [21] ). Teichmüller geodesic rays are obtained by shrinking vertical trajectories of integrable holomorphic quadratic differentials. A Teichmüller geodesic ray corresponding to an integrable holomorphic quadratic differential ϕ limits to a unique point in Thurston's boundary whose support geodesic lamination is homotopic to vertical foliation of ϕ and the transverse measure is given by integrating the reciprocal of the lengths of vertical leaves against Re( ϕdz 2 ) (cf. [8] ). Certain non-integrable holomorphic quadratic differentials induce geodesic rays in T (D) by shrinking their vertical trajectories in the same fashion as for integrable differentials. We study the limits of these geodesic rays on Thurston's boundary to T (D).
The space G(D) of oriented geodesics of D is identified with S 1 × S 1 − diag since each geodesic is uniquely determined by the ordered pair of its ideal endpoints on S 1 . A geodesic current is a positive Borel measure on G(D). The universal Teichmüller space T (D) embeds into the space of geodesic currents when equipped with the uniform weak* topology (cf. [21] ). Thurston's boundary to T (D) is the set of asymptotic rays to the image of T (D) in the space of geodesic currents and it is identified with the space P M L bdd (D) of projective bounded measured laminations of D (cf. [21] ). This approach was first introduced by Bonahon [2] to give an alternative description of Thurston's boundary of the Teichmüller space T (S) of a closed surface S of genus at least two.
In the case of closed surfaces, Masur [14] proved that Teichmüller geodesic rays obtained by shrinking vertical trajectories of holomorphic quadratic differentials with uniquely ergodic vertical foliations converge to the projective classes of their vertical foliations in Thurston's boundary. However, when vertical foliations of holomorphic quadratic differentials on closed surfaces are not uniquely ergodic then the limit sets of the corresponding Teichmüller geodesic rays consist of more than one point while their supports are homotopic to vertical foliation of the quadratic differential (cf. [13] , [12] ). On the other hand, the limits of Teichmüller geodesic rays in the universal Teichmüller space T (D) corresponding to integrable holomorphic quadratic differentials always have a unique endpoint in Thurston's boundary of T (D) (cf. [8] ).
Let ϕ be an integrable holomorphic quadratic differential on D. Each vertical trajectory of ϕ has two distinct endpoints on the boundary circle S 1 of the hyperbolic plane D (cf. [22] ). Thus each vertical trajectory of ϕ is homotopic to a unique geodesic of D relative ideal endpoints on S 1 . Let v ϕ be the set of the geodesics in D homotopic to the vertical trajectories of ϕ. Given a box of geodesics [a, b] 
] (at most countable) union of sub-arcs of horizontal trajectories that intersects exactly once each vertical trajectory of ϕ with one endpoint in [a, b] and the other endpoint in [c, d] , and that does not intersect any other vertical trajectories of ϕ.
Define measured laminations ν ϕ and µ ϕ of D supported on v ϕ by
where x = * √ ϕdz is the natural parameter of ϕ and l(x) is the ϕ-length of the vertical trajectory through x (cf. [8] ). Then (cf. [8] )
T → µ ϕ as → 0 + in the weak* topology on geodesic currents, where T is a quasiconformal map of D that shrinks the vertical trajectories of ϕ by a multiplicative constant . In other words, the Teichmüller geodesic ray T converges to [
The space of all geodesic rays in the Teichmüller metric starting at the basepoint ) is a geodesic ray that is not a Teichmüller geodesic ray. We consider the limits of two (non-Teichmüller) geodesic rays introduced by Strebel [4] . The first example is given by a horizontal strip S = {0 < Im(z) < 1} with the Beltrami coefficient ξ = k |ϕ| ϕ with ϕ(z) ≡ 1. Since S does not have finite Euclidean area, the holomorphic quadratic differential ϕ is not integrable and the corresponding geodesic ray is not Teichmüller. Note that S is conformally identified with D and this identification is implicitly assumed. We denote by T the shrinking of vertical trajectories by the factor and denote by T 1/ the stretching of the vertical trajectories of ϕ by the factor 1/ as → 0 + . We prove (cf. Theorem 4.1 and Figure 1 ) Theorem 1. Let S = {0 < Im(z) < 1} be a horizontal strip and let ϕ(z) = 1 for all z ∈ S. Denote by T , > 0, the geodesic ray in T (D) obtained by shrinking the vertical leaves of ϕ by a factor and denote by T1 , > 0, the geodesic ray in T (D) obtained by stretching the vertical leaves by a factor 1 .
Let ν 1 be the (hyperbolic) measured lamination on S whose support is homotopic to the vertical foliation of ϕ(z) = 1 on S and whose transverse measure is given by the euclidean length of the transverse horizontal set. Let ν 2 be the dirac measured lamination on S with support the hyperbolic geodesic homotopic to horizontal trajectories in S.
Then we have
and
The rate of convergence of T is 1/ and the rate of convergence of T 1/ is 1/ * , where
Remark 1.
Note that all vertical trajectories in S have finite ϕ-lengths which is the same as in the case of integrable holomorphic quadratic differentials. On the other hand, horizontal trajectories of ϕ have infinite lengths. Unlike for intergrable case, this makes the ϕ-metric unsuitable for making allowable metrics when computing moduli of various quadrilaterals and we find a new method for dealing with the difficulty.
Next we consider Strebel's chimney domain C = {z : Im(z) < 0} ∪ {z : |Re(z)| < 1}. The holomorphic quadratic differential ϕ(z)dz 2 = dz 2 is not integrable on C while the corresponding Beltrami coefficient k |ϕ| ϕ = k is extremal. Denote by T as → 0 + the geodesic ray obtained by shrinking the vertical foliation of ϕ by the factor . We prove (cf. Theorem 4.3 and Figure 2 ) Theorem 2. Let ν be a measured lamination on C which is a sum of two Dirac measured laminations supported on geodesics γ 1 and γ 2 in C with endpoints 1, +∞ ∈ ∂C and endpoints −1, +∞ ∈ ∂C, respectively. Then
The rate of convergence of T is 1/ * , where
Remark 2. All vertical leaves on C have infinite lengths. If vertical leaves are straightened into hyperbolic geodesics, then the geodesic lamination v ϕ does not contain g 1 and g 2 even in its closure. Therefore it is impossible to detect g 1 and g 2 just by v ϕ alone. In fact, the limits g 1 and g 2 appear due to the fact that vertical trajectories accumulate to parts of the boundary of C.
Thurston's boundary via geodesic currents
We identify the hyperbolic plane with its upper half-plane model D; the visual boundary S 1 = R ∪ {∞} to D is homeomorphic to the unit circle. An orientation preserving homeomorphism h :
for all x ∈ R and t > 0. A homeomorphism is quasisymmetric if and only if it extends to a quasiconformal map of the unit disk.
Definition 2.1. The universal Teichmüller space T (D) consists of all quasisymmetric maps h : The space G(D) of oriented geodesics on D is identified with
The universal Teichmüller space T (D) maps into the space of geodesic currents by taking the pull backs by quasisymmetric maps of the Liouville measure. A geodesic current α is bounded if
The pull backs h * (L) for h quasisymmetric are bounded geodesic currents (cf. [19] ).
The pull backs of the Liouville measure define a homeomorphism of T (D) onto its image in the bounded geodesic currents, when the space of geodesic currents is equipped with the uniform weak* topology ( [21] ). The asymptotic rays to the image of T (D) are identified with the space of projective bounded measured laminations (cf. [21] , [19] ). Thus Thurston's boundary of T (D) is the space P M L bdd (D) of all projective bounded measured laminations on D (and an analogous statement holds for any hyperbolic Riemann surface). Bonahon [2] introduced this approach for closed surfaces in order to give an alternative definition of Thurston's boundary. 
where the infimum is over all admissible metrics ρ. Lemma 3.1 below, summarizes some of the main properties of the modulus, which we will use repeatedly throughout the paper. We refer the reader to [5, 11, 23] for the proofs of these properties below and for further background on modulus.
If Γ 1 and Γ 2 are curve families in C, we will say that Γ 1 overflows Γ 2 and will write Γ 1 > Γ 2 if every curve γ 1 ∈ Γ 1 contains some curve
We will mostly be interested in estimating moduli of families of curves in a domain Ω ⊂ C connecting two subsets of the boundary of Ω. Thus, given E, F ⊂ ∂Ω we denote (E, F ; Ω) = {γ : [0, 1] → Ω : γ(0) ∈ E and γ(1) ∈ F } (1) the family of curves γ starting in E and terminating in F . With this notation we have , b), (c, d); D) .
If the domain Ω is clear from the context, we will suppress it from the notation and just write Γ E,F instead of (E, F ; Ω).
Heuristically modulus of (E, F ; Ω) measures the amount of curves connecting E and F in the Ω. The more "short" curves they are the bigger the modulus is. This heuristic may be made precise using a notion of relative distance ∆(E, F ), which we define next.
Given two continua E and F in C we denote
i.e. ∆(E, F ) is the relative distance between E and F in C.
Lemma 3.2 (cf. [8] ). For every pair of continua E, F ⊂ C we have
Corollary 3.3. Let E n and F n , n ∈ N, be a sequence of pairs of continua in C. If the sequence ∆(E n , F n ) is bounded away from 0 then mod(E n , F n ; C) is bounded.
Remark 3.4. The previous lemma is very weak for large ∆(E, F ), since it is in fact easy to see that mod(E, F, C) tends to 0 as ∆(E, F ) → ∞. But we will not need this estimate in the present paper and will refer the interested reader to Heinonen's book [9] for relations between the modulus and relative distance.
The following lemma is an easy consequence of the asymptotic properties of the moduli (cf. [11] ). Lemma 3.5 (cf. [7] ). Let (a, b, c, d ) be a quadruple of points on S 1 in the counterclockwise order. Let
where L is the Liouville measure. 
The visual sphere of T (D)
The visual sphere of the universal Teichmüller space T (D), by definition, consists of all unbounded geodesic rays for the Teichmüller metric starting at the basepoint id ∈ T (D). If a geodesic ray is a Teichmüller ray t → t |ϕ| ϕ for t ∈ [0, 1) and ϕ integrable holomorphic quadratic differential, then the limit on Thurston's boundary equals to the projective class of µ ϕ ∈ M L bdd (D) (cf. [8] ). If η is an extremal Beltrami coefficient in its Teichmüller class, then t → tη for t ∈ [0,
) defines a geodesic ray (cf. [4] ) and it corresponds to a single point on the visual sphere. An interesting question is whether there exists a point on Thurston's boundary to which the geodesic ray defined by an extremal Beltrami coefficient (not given in the Teichmüller form k |ϕ| ϕ ) converges. We consider two examples of such geodesic rays both given by t → t |ϕ| ϕ for t ∈ [0, 1), where ϕ is a holomorphic quadratic differential that is not integrable on D.
4.1.
The horizontal strip. Consider a holomorphic quadratic differential ϕ(z)dz 2 = dz 2 on the horizontal strip S = {z : 0 < Im(z) < 1}. Strebel (cf. [22] ) proved that the corresponding Beltrami coefficient k
= k is extremal. Note that dz 2 is not integrable since the euclidean area of S is infinite. We consider two geodesic rays: the shrinking T along the vertical foliation by the factor > 0 as → 0 + and the stretching T 1/ along the vertical foliation by the factor > 0 as → 0 + .
Theorem 4.1. Let ν 1 be the (hyperbolic) measured lamination on S whose support is homotopic to the vertical foliation of dz 2 on S and whose transverse measure is given by the length in the natural parameter of the transverse horizontal set. Let ν 2 be the dirac measured lamination on S with support the hyperbolic geodesic homotopic to a horizontal trajectory in S. Then we have
where
is the pull-back of the Liouville geodesic current by the boundary map of T ; similar for (T 1/ ) * (L). The convergence is in the weak* topology.
The first convergence follows directly from the considerations for integrable holomorphic quadratic differentials in [7] and [8] . It remains to prove the second convergence in the above Theorem. We note that We will denote by φ the Riemann mapping from S to the unit disc D. By Caratheodory's theorem φ extends to ∂S and we will denote the extension by φ as well. Note that φ can be chosen to satisfy the following properties for x ∈ R:
Recall that a sequence of Borel measures m k on S 1 × S 1 − diag converges in the weak* topology to a Borel measure m if for every box and it is enough to show that modΓ ε I ,I → 0 as ε → 0. By monotonicity of modulus we have modΓ ε I ,I = modΓ εI ,εI ≤ modΓ εI ,R+i , where εI = {εx ∈ R : x ∈ I } and εI = {εx + i ∈ R + i : x + i ∈ I }. To show that the last quantity tends to zero let z ε be the center of the interval εI ⊂ R and denote by Γ εI the family of curves connecting the boundary components of the annulus
Since Γ εI ,R+i overflows Γ εI , we have modΓ εI ,R+i ≤ modΓ εI ≤ 2π log 
We want to show that in this case the limit in (8) is 0. Since the denominator of the quotient in (8) tends to ∞ it will suffice to demonstrate that modΓ ε I,J stays bounded as ε → 0. We consider the following subcases: Case 1.1: Suppose, in addition to (9), we also have
In particular, we have max(diamI, diamJ) < ∞. Thus, I and J are two bounded length intervals belonging either to the same boundary component of ∂S or to different components.
If I and J belong to the same component of ∂S (assume this component is R) then considering the maps F ε = (ε −1 id)•H ε we see that F ε restricted to R is the indentity, and in particular H ε (I) = I and H ε (J) = J. Therefore, by conformal invariance of ε −1 id we have, modΓ ε I,J = mod(H ε (I), H ε (J); H ε (S)) = mod(I, J; F ε (S)) ≤ mod(I, J; C), where, as before, (I, J; Ω) denotes the collection of curves connecting I and J in the domain Ω. Since I and J are bounded fixed intervals a certain distance apart, we have that ∆(I, J) > 0 and inequality (3) implies that mod(I, J; C) is finite and therefore modΓ ε I,J is bounded for all ε > 0 and (8) holds in this case.
Without loss of generality we may assume that 1 ∈ φ(J) and by (9) then I belongs to one of the components of ∂S, say R, and diamI < ∞. By our normalization of φ, this means that
By subadditivity and monotonicity of modulus we have We denote by φ the Riemann mapping from C to the unit disc D. By Caratheodory's theorem φ extends to the ∂C and we will denote the extension by φ as well. Note that φ can be chosen to satisfy the following properties for z ∈ C:
Theorem 4.3. Let ν be a measured lamination on C which is a sum of two Dirac measured laminations supported on geodesics γ 1 and γ 2 in C, where φ(γ 1 ), φ(γ 2 ) are the hyperbolic geodesics in D connecting i to −1 and 1, respectively. Then
where * → 0 as → 0 + and T shrinks the vertical trajectories by the factor . As before, (T ) * (L) is the pull back of the Liouville current L and the convergence is in the weak* topology.
To prove this theorem we reformulate it in terms of the limiting values of moduli of families of curves in C. Just like in the case of the strip, for a pair of intervals of prime ends I, J ⊂ ∂C we denote by Γ I,J the family of curves connecting I and J in the domain C and let Γ ε I,J = T ε (Γ I,J ), where T ε (x, y) = (x, εy). Let us denote
Then we define * = 1/modΓ
and we need to prove that * → 0 as → 0. ∈ J + (we also assume 1 / ∈ ∂J + ) then either J + ⊂ C + \R or J + (1, ∞). In the former case the proof follows the same lines as in Case (a1) above. Therefore we assume i ∈ φ(I) and J + (1, ∞). Finally, combining the last two equalities we obtain (19) .
